The lattice deformation strain dependence of the invariant plane (IP) condition at the habit plane, and the kinematic compatibility (KC) condition at the interface between habit plane variants (HPVs), were numerically analyzed in the cubic-orthorhombic martensitic transformation. The IP condition can be satis ed in a limited region of the principal component space of the lattice deformation. The KC condition at the averaged junction plane between HPVs can be satis ed in only the six types of HPV pairs classi ed in our previous study, provided the IP condition at the habit plane is satis ed. Furthermore, three of the six types of HPV pairs can form a fully compatible junction plane as long as the IP condition is satis ed. The kinds of interfaces that can be kinematically compatible in the six morphologies are invariant against the lattice parameters when the IP condition at the habit plane is maintained.
Introduction
In shape memory alloys, a self-accommodation microstructure is formed by the clustering of martensite variants that cancel out the macroscopic change in shape 1) . According to the phenomenological theory of martensite crystallography (PTMC) [2] [3] [4] [5] [6] [7] , the crystallographic character of the isolated martensite variant is determined by the invariant plane (IP) condition at the habit plane that is the interface between the martensitic phase and the parent phase. The martensite variant that is characterized by the IP condition is called the habit plane variant (HPV) 1) . Figure 1 (a) shows a schematic of the HPV. In the self-accommodation microstructure of shape memory alloy, twinning deformation is introduced in HPV as a lattice invariant deformation (LID) to satisfy the IP condition at the habit plane. A HPV consists of two kinds of lattice correspondence variants (CVs). In this study, the CV with a volume fraction larger than 50% in the HPV is termed the main CV , and the other is termed the sub CV . Junction planes (JPs) are formed by the connection of HPVs in the self-accommodation microstructure. Figure 1 (b and c) shows a schematic of the JP considered in this study. The HPV formed from the main CV of i and sub CV of j is represented by {i,j} ( Fig. 1(b) ). In the microstructure formed by the connection of two HPVs ({i,j} and {k,l}), there are two kinds of JPs between the HPVs. One is the HPVJP (Fig. 1(c) ), which is the averaged interface between the twinned HPVs that are assumed to be homogeneous domains, as in previous studies 8, 9) . The other is the CVJP (Fig. 1(c) ), which is the local interface between CVs that form the HPVs. CVJPs are classi ed into four types: main|main-JP, sub|sub-JP, main|sub-JP, and sub|main-JP ( Fig. 1(c) ).
Ball and James 8) investigated the kinematic compatibility (KC), which must be maintained at the compatible interface between two domains with different deformation gradients. In the case of the JP between two domains, the KC condition is expressed as 9)
where P i and P j are the deformation gradient of domains, n is the plane normal vector of the JP, a is the vector of the relative shape change direction of the domain, and Q ij is the rigid rotation for P j to satisfy the KC condition at the JP. The JP is incompatible when Q ij is not an identity matrix. Therefore, Q ij is a theoretical indicator of the incompatibility of the microstructure. The microstructure including the incompatible HPVJP with smaller Q ij is preferentially formed in the actual self-accommodation microstructure [10] [11] [12] [13] [14] . Furthermore, the KC condition at the CVJP affects the formation frequency of the JP in Ti-Ni [10] [11] [12] . Thus, it is essential to evaluate the KC condition at both the HPV JP and the CVJP to understand the formation of the self-accommodation microstructure.
The cubic-orthorhombic martensitic transformation is widely observed in shape memory alloys [15] [16] [17] [18] [19] . Although there are several studies of the KC condition at the HPV-JP 20, 21) , the CVJP has not been analyzed. In our previous study, the KC condition at the HPVJP and CVJP were theoretically analyzed in the self-accommodation microstructure of a Ti-25mol%Ni-25mol%Pd shape memory alloy that exhibits the cubic-orthorhombic martensitic transformation 22) . The KC condition at the HPVJP can be satis ed by rigid rotation in the six types of HPV pairs (Fig. 2) . The analysis of the KC condition depends on the lattice deformation strain determined by the lattice parameters of the martensitic and parent phases. However, previous analysis was performed for limited lattice deformation strain. Therefore, the global image of the geometry of the JP in the cubic-orthorhombic martensitic transformation is still not clear and the algebra is too dif cult to obtain general results from previous analysis. The aim of this study was to elucidate the lattice deformation strain dependence of the geometry of these six types of HPV pairs.
Analytical Method
Vectors and matrices without subscripts correspond to the cubic lattice coordinate of the parent phase and those with subscript o correspond to the orthorhombic lattice coordi-* Corresponding author, E-mail: inamura.t.aa@m.titech.ac.jp nate of the martensitic phase. Lattice correspondence between the parent phase and martensitic phase in this study follows the notation of the previous study 22) . The theoretical analysis results depend on the principal component of the lattice deformation. a is the lattice parameter of the parent phase, and a o , b o , and c o (a o < c o < b o ) are the those of martensitic phase. The variance range of the lattice deformation where the martensite phase becomes orthorhombic is
where α, β, and γ are the principal deformation of the lattice deformation given as
a), and γ = c o / (2 1/2 a), respectively. Expressions (2) and (3) 
In the cubic-orthorhombic martensitic transformation, the {111} o type I twin is mainly observed experimentally [15] [16] [17] [18] [19] . IP condition at the habit plane can be satis ed in the region of the expression (3) when {111} o type I twin is induced in HPV as LID. Therefore, expression (3) must be held to satisfy the IP condition in this situation. The KC conditions at HPVJP and CVJP were evaluated in the variance range of expressions (2) and (3) with the procedure described in our previous study 22) . 
Results and
where U i is the transformation matrix of i-th CVs that form {i,j}. n is the plane normal vector of the LID twin plane and a is the vector of the relative shape change direction of the CV ( Fig. 1(b) ) that are calculated by the KC condition at the twin plane of LID in HPV {i, j}. Figure 3(a) shows the results of the numerical analysis in the α-β plane with respect to γ. The IP condition is satis ed inside each triangular area for each γ. Following expressions (2) and (3), the line b o /a o = 3 1/2 is the common boundary for every value of γ. The area is largest for γ = 1.00 and becomes a point for γ = 1.087 at {α, β, γ} = {0.897, 1.097, 1.087}. Changes in δ and η with respect to γ for {α, β, γ} = {0.897, 1.097, γ} are shown in Fig. 3(b) . The value of δ exceeds −2 for γ > 1.087 and then the IP condition is no longer satis ed. The volume fractions of sub CVs in the HPVs are 0 and 0.48 when γ = 1.000 and 1.087, respectively.
{α, β, γ} dependence of the KC condition at HPVJP
In Ti-25Ni-25Pd 22) , there are six distinct types of HPV pairs that can satisfy the KC condition at HPVJP (Fig. 2 ). They were de ned as pair types I, II, III, IV, V, and VI in our previous study 22) . These six pair types are divided into two groups. Pair types II, III, and IV in the lower row of Fig. 2 can form fully compatible HPVJP and CVJPs when one-to-one connection of the main CVs and the sub CVs is accomplished (magni ed CVJP in Fig. 2 ) because there are common rigid rotations (Q ij ) to maintain the KC condition at the HPVJPs, main|main-JP and sub|sub-JP, simultaneously. The local structures of CVJP for pair types II and IV are also given in the gure. In contrast, in pair types I, V, and VI, some CVJPs are not compatible because a common rigid rotation that makes HPVJP and CVJPs compatible does not exist. These six pair types are characterized by whether a solution exists for the KC condition at the HPVJP and CVJP. Our analysis checks for the existence of a common rotation that makes the JPs compatible simultaneously. Hereinafter, numerical analysis of the KC conditions at HPVJP and CVJP is performed in the region shown in Fig. 3(a) that satis es the IP condition.
First, the region that can satisfy the KC condition at HPV-JP is examined. The KC condition at the HPVJP is given by expression (1), which has a solution if and only if 9) 
where λ 1 , λ 2 , and λ 3 are the eigenvalues of the matrix C dened as
where P i and P j correspond to the total deformation of HPVs {i,j} and {k,l}, respectively, which are determined by the IP condition in this case. Numerical analysis was performed for all HPV pairs to nd a solution for the KC condition at the HPVJP. λ 1 , λ 2 , and λ 3 in the line {α, β, γ} = {0.897, 1.097, γ} are shown in Fig. 4 as an example. λ 1 , λ 2 , and λ 3 satisfy expression (6) in the region 1 ≤ γ ≤ 1.087 where the IP condition is satis ed. Calculations revealed that the KC condition at the HPVJP is satis ed in only pair types I, II, III, IV, V, and VI when the IP condition is satis ed; HPVJP can be compatible at every point within the area shown in Fig. 3(a) for these six pair types.
3.3 {α, β, γ} dependence of the KC condition at the CVJP The KC condition at CVJP was analyzed for the six pair types and compared with that of HPVJP. In pair types I, V, and VI, no common rigid rotation exists that makes HPVJP and CVJPs compatible simultaneously, as we observed in our previous study 22) . The existence of a common rigid rotation Q ij that maintains the KC condition at the HPVJPs main|main-JP and sub|sub-JP was numerically analyzed for pair types II, III, and IV to determine whether fully compatible connections of CVs and HPVs are possible. The results for {α, β, γ} = {0.897, 1.097, 1.000} and {0.897, 1.097, 1.087} correspond to points A and B in Fig. 4 , respectively, and are summarized for {1,3} and {k,l} in Table 1 as an example. The twin types of the CV JP are shown in the orientation relationship column. The {111} o type I twin, <211> o type II twin, and {011} o compound twin are denoted by {111}I, <211>II, and {011}c, respectively. For each pair type, the rigid rotations for the KC condition at HPVJPs main|main-JP and sub|sub-JP are the same. This means that the CVJPs and HPVJP can be connected, maintaining the KC condition (Fig. 2) . Further systematic calculation revealed that a common rigid rotation exists in the pair types II, III, and IV regardless of the value of γ at every point within the region shown in Fig. 3(a) . The zigzag morphology that is created by a fully compatible CVJP, as shown in pair types II and IV in Fig. 2 , is possible at every point in the region. According to this analysis, the six pair types are possible provided the IP condition of the habit plane is satis ed in the cubic-orthorhombic transformation. Although the orientation of the habit plane, the fraction of the LID twin, and the orientation of the HPVJP depend on {α, β, γ}, the KC conditions at CVJPs and HPVJP in Fig. 2 can always be satis ed; the kind of JP that can be compatible is invariant.
Fork, spear (wedge), and herringbone microstructures that correspond to the pair types I, V, and VI, respectively are well-known morphologies in the cubic-orthorhombic martensitic transformation 25) . The crossing twin 26) that corresponds to the pair types II and IV is also a common morphology in the self-accommodation microstructure 15, 27) in the cubic-orthorhombic martensitic transformation. These common microstructures arise because of the invariance of the morphology of the pair type during the change in the lattice parameter.
Conclusions
The IP conditions at the habit plane and the KC conditions at the HPVJP and CVJP were numerically analyzed for the cubic-orthorhombic martensitic transformation to determine whether the six compatible morphologies identi ed in our previous study were possible in general. The KC condition at HPVJP is satis ed in only pair types I, II, III, IV, V, and VI provided the IP condition at the habit plane is satis ed. For the pair types II, III, and IV, rigid rotations that simultaneously satisfy the KC condition at HPVJPs main|main-JP and sub|sub-JP exist when the IP condition of the habit plane is satis ed. The kinds of JPs that are kinematically compatible in the six morphologies are invariant as long as the IP condition at the habit plane is maintained. 
